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620219, Institute of Metal Physics, Ekaterinburg, Russia.
Abstract
The nonlinear sigma-model and its generalization on
N -component spins, the O(N) model, are considered
to describe thermodynamics of a quantum quasi-two-
dimensional (quasi-2D) Heisenberg antiferromagnet. A
comparison with standard spin-wave approaches is per-
formed. The sublattice magnetization, Neel temperature
and spin correlation function are calculated to first order
of the 1/N -expansion. A description of crossover from a
2D-like to 3D regime of sublattice magnetization temper-
ature dependence is obtained. The values of the critical
exponents derived are β = 0.36, η = 0.09. An account
of the corrections to the standard logarithmic term of
the spin-wave theory modifies considerably the value of
the Neel temperature. The thermodynamic quantities
calculated are universal functions of the renormalized
interlayer coupling parameter. The renormalization of
interlayer coupling parameter turns out to be consider-
ably temperature dependent. A good agreement with
experimental data on La2CuO4 is obtained. The appli-
cation of the approach used to the case of a ferromagnet
is discussed.
75.10.-b, 75.10.Jm, 75.40.Cx
1. Introduction
Last time, great interest is paid to properties of quasi-
two-dimensional (quasi-2D) antiferromagnets in connec-
tion with the investigations of layered perovskites1 and
copper-oxide systems, including high-Tc superconduc-
tors. In particular, La2CuO4 gives one of the best
known example of a quasi-2D system with small mag-
netic anisotropy. Unlike 2D systems, quasi-2D ones have
finite values of magnetic ordering temperature. At small
interlayer couplings J ′ the value of magnetic transition
temperature is small in comparison with the intraplane
exchange parameter J . There are a number of approx-
imations which enable to describe the thermodynamics
of such systems. The standard spin-wave theory (SWT)
takes into account only the spin-wave excitations which
exist for quasi-2D systems in a wide temperature range
up to about J (Refs.2,3). SWT does not take into ac-
count the dynamic and kinematic interaction between
spin waves, which are important at temperatures near
magnetic phase transition point. By this reason, SWT
gives too high values of magnetic transition tempera-
ture. Recently, the self-consistent spin-wave theory2–4
(SSWT) has been proposed which takes into account
partially the interaction between spin waves. However,
the value of the Neel temperature in SSWT is still too
high in comparison with experiment, and the critical be-
havior is described quite incorrectly.
To describe the magnetic phase transition we have to
take into consideration fluctuation (non-spin-wave) cor-
rections to thermodynamic quantities. It is difficult to
take into account such corrections in the standard tech-
nique of the Green’s functions because of essentialy non-
linear character of equations of motion. There exists
the interpolation approximation by Tyablikov5 which is
based on the random-phase decoupling of equations of
motion for the transverse spin Green’s function. This ap-
proach yields often results which are roughly satisfactory
from the experimental point of view. At the same time,
it is difficult to justify and improve such approximations.
To develop perturbation theory which describes cor-
rectly the critical behavior, we have to introduce a for-
mal large parameter in the Heisenberg model. Thus
the Heisenberg model can be treated as a model with
a large degeneracy within the 1/N -expansion. This ex-
pansion may be introduced in two different ways. The
first way6–9 treats the Heisenberg model as a particular
case (M = 2) of the SU(M) model (i.e. of the model
with M states per spin degree of freedom at each site).
Since the M →∞ limit corresponds to SSWT (see, e.g.,
Ref.4), at finiteM thermodynamics is described in terms
of the spin-wave picture of excitation spectrum. The
second way10,12 is to consider the Heisenberg model as
a particular case (N = 3) of the O(N) model (i.e. of
the model with N -component spins). The limit N →∞
gives the quantum spherical model and the large-N case
corresponds to the fluctuation (non-spin-wave) picture.
The advantage of the 1/N (or 1/M) expansions over,
say, the quasiclassical 1/S expansion is their applicabil-
ity near the phase transition temperature.
Since N = 3 and M = 2 are in fact not large, the con-
vergence of such expansions must be investigated sep-
arately. For low-dimensional magnets with d = 2 (see
Ref.7) and d = 2 + ε (Ref.9) the results in the SU(M)
model coincide in the zeroth order in 1/M with those of
the one-loop RG analysis, and in the first order in 1/M
with the results of the two-loop RG analysis. In these
1
cases the 1/M -corrections to thermodynamic quantities
are small. However, quasi-2D systems belong to 3D
symmetry group so that corresponding 1/M -corrections
are not small (see discussion in Ref.9) and the series in
1/M is poorly convergent. Unlike the 1/M -expansion
in the SU(M) model, the first-order 1/N -corrections in
the O(N) model, which were considered in the quan-
tum 2D case12 and in the classical case at an arbitrary
dimensionality 2 < d < 4 (see, e.g., Ref.13), lead to
results which are close to those obtained by other meth-
ods. The applicability of the 1/N -expansion at arbitrary
dimensionality 2 ≤ d ≤ 4 is important for the investi-
gation of quasi-2D systems since they demonstrate the
dimensional crossover from 2D to 3D behavior (see, e.g.,
Ref.1). On the other hand, the renormalization group
ε-expansion is not appliciable for d = 2 and d = 3 simul-
taneously: for ε = d− 2 it cannot describe satisfactorily
the case d = 3 and vice versa, for ε = 4− d the behavior
at d→ 2 is poor.
Thus, instead of direct calculation of corrections to
SSWT, we start in this paper from the quantum spheri-
cal model, O(∞) and then find the 1/N -corrections. Al-
though the results in the O(∞) and SU(∞) models are
different, it will be shown that already in the first or-
der in 1/N at low enough temperatures the results in
the O(N) model are identical to those in SU(∞) (i.e.
in SSWT). At higher temperatures the results of SSWT
are modified due to fluctuation corrections.
The plan of the paper is as follows. In Sect.2 we re-
view various approximations in the theory of quasi-2D
systems, which are based on the spin-wave picture of
excitation spectrum, and analyze the corresponding ex-
pressions for the Neel temperature. In Sect.3 we formu-
late the O(N) model for the quasi-2D case and the tech-
nique of the 1/N -expansion, which is a generalization of
that by Chubukov et al12 for the 2D case. In Sect.4 we
calculate the magnetization, Neel temerature and spin
correlation function to first order in 1/N. In Sect.5 we
discuss our results and compare them with experimental
data on La2CuO4.
2. Spin-wave approximations in the theory of quasi-
2D antiferromagnets
We start from the Heisenberg Hamiltonian of a quasi-2D
antiferromagnet
H =
1
2
∑
ij
JijSiSj (1)
with the exchange interactions Ji,i+δ = J for δ in a plane
and Ji,i+δ = J
′ for δ perpendicular to the planes.
At small values of interlayer coupling J ′ it is possi-
ble to derive analytical results for the Neel temperature.
First we consider the standard spin-wave theory. The
spectrum of spin waves has the form
ESWTq = S(J
2
0 − J2q)1/2 (2)
where Jq is the Fourier transforms of the exchange pa-
rameter
Jq = 2J(cos qx + cos qy) + 2J
′ cos qz (3)
The sublattice magnetization is determined by
S = S +
1
2
−
∑
q
J0S
2Eq
coth
Eq
2T
(4)
For small values of J ′/J SWT yields different analyti-
cal expressions for the Neel temperatue in the quantum
regime (TNeel ≪ JS) and classical regime (TNeel ≫ JS).
We have
T SWTNeel = 4piJS
2 ×{
1/ ln(T 2Neel/8JJ
′S2) ln(J/J ′)≫ 2piS
1/ ln(Jq20/J
′) 1≪ ln(J/J ′)≪ 2piS (5)
Here q0 ≃ pi is a cutoff parameter determined by the
boundary of the Brillouin zone. Note that for the quan-
tum case the main contribution to integrals over the
wavevector comes from the region with q ≤ T , while
in the classical case the value of TNeel is determined by
the whole Brillouin zone.
The spin-wave spectrum in SSWT and the Tyablikov
approach is renormalized in different ways. SSWT2–4
takes into account the interaction between spin waves in
the simplest self-consistent Born approximation. There
exist several generalizations of SSWT on quasi-2D
systems14–16. We will follow to approach of Refs.14,16
which gives more satisfactory results at small J ′/J . The
spin-wave spectrum in SSWT has the form
ESSWTq = S
(
γ20 − γ2q
)1/2
(6)
γq = 2γ(cos qx + cos qy) + 2γ
′ cos qz
where γ and γ′ are the renormalized exchange parame-
ters which are determined from the self-consistent equa-
tions
γ/J =
∑
q
γqS
Eq
cos qx coth
Eq
2T
+ 2S(T ) (7)
γ′/J ′ =
∑
q
γqS
Eq
cos qz coth
Eq
2T
+ 2S(T ) (8)
The sublattice magnetization is given by
2
S = S +
1
2
−
∑
q
γ0S
2Eq
coth
Eq
2T
(9)
At small values of J ′/J we have
S = S0− T
4piγS
×
{
ln(T 2 /8γγ′S2) S(JJ ′)1/2 ≪ T ≪ JS
ln(γq20/γ
′) JS ≪ T ≪ JS2
(10)
where S0 is the sublattice magnetization in the ground
state. The quantity γ varies slowly with temperature in
the whole region T < TNeel and may be replaced by its
zero-temperature value γ(0). According to Refs.2,3, we
have
γ(0) = 1.1571J, S0 = 0.3034 (11)
for S = 1/2 and γ(0) = J, S0 = S for S → ∞. The
second case in (10) may be realized only in the classical
limit S ≫ 1. One can see from (10) that the value of
the critical exponent for the magnetization is βSW = 1.
The same critical behavior takes place at an arbitrary
d > 2. This result is correct only at d = 2+ ε to leading
order in ε (β = 1−2ε, see, e.g., Refs.10,9), and for higher
dimensionalities β < 1.
As follows from (10), the Neel temperature is deter-
mined by the equation of Ref.14 (note that some coeffi-
cients in this paper are incorrect)
T SSWTNeel = 4piγcSS0 (12)
×
{
1/ ln(T 2Neel /8γcγ
′
cS
2) ln(J/J ′)≫ 2piS
1/ ln(q20γc/γ
′
c) 1≪ ln(J/J ′)≪ 2piS
Here γc ≃ γ(0) and γ′c are the renormalized exchange
parameters at T = TNeel, The value of γ
′
c determined
from (8) is
γ′c = (TNeel/4piγcS
2)J ′ (13)
in both the quantum and classical regimes. Note that
the renormalization of the interlayer coupling in (12)
plays a crucial role in lowering the Neel temperature in
comparison with its SWT value (5) since γcγ
′
c/JJ
′ =
TNeel/4piJS
2 ≪ 1.
In the Tyablikov theory5 (TT) the excitation spectrum
has the form
ETTq = S(J
2
0 − J2q)1/2. (14)
As well as in a ferromagnet, the proportionality of the
spectrum to S is not quite correct at low temperatures:
in the antiferromagnet the spin-wave frequency varies as
T 4, while the sublattice magnetization as T 2 (see, e.g.,
Ref.17). The equation for S at S = 1/2 reads
1/S =
∑
q
J0S
Eq
tanh
Eq
2T
(15)
and has a more complicated form for higher spins5. Near
the Neel temperature TT yields at arbitrary S and any
space dimensionality d > 2
S =
[
2ΓST
TT
Neel
SJ0
(
1− T
TTTNeel
)]1/2
(16)
where ΓS is some function of S, Γ1/2 = 3. Thus, unlike
SSWT, the critical exponent for the magnetization has
the standard mean-field value, βTT = 1/2. For small
J ′/J, TT yields
TTTNeel ≃
4piJS2
ln(Jq20/J
′)
(17)
The result (17) is lower than SSWT value (12) and
closed to experimental data (see Sect.5). On the other
hand, the result (17) coincides with that of the spheri-
cal model (which is adequate only in the classical limit
S → ∞18,19) and with the result of the spin-wave ap-
proximation (5) in the classical regime TNeel ≫ JS.
The Tyablikov approximation gives the same result (17)
(with the replacement J → −J, J ′ → −J ′) for the Curie
temperature of a ferromagnet (J, J ′ < 0). This demon-
strates that near the critical temperature TT does not
take into account quantum fluctuations which are im-
portant for small values of S. Thus we may conclude
that TT is satisfactory from the practical, but not from
theoretical point of view.
To leading logarithmic accuracy, all the discussed ap-
proaches give the same value of the Neel temperature.
However, this accuracy is insufficient to treat experi-
mental data. In particular, the factor of q20 ∼ 10 in
the classical regime is often not taken into account (see,
e.g., Ref.1), although this factor gives an essential con-
tribution to TNeel.
To improve the description of the critical region and
obtain a better appoximation for the Neel temperature
in the quantum case, it is necessary to take into account
fluctuation corrections to the spin-wave theory result for
TNeel (5) more correctly than in SSWT and TT. To this
end we use in the next Sections the 1/N -expansion in
the O(N) model.
3. The quantum nonlinear sigma-model and O(N)
model for quasi-2D quantum antiferromagnets
To describe thermodynamics of quantum antiferromag-
nets we consider the nonlinear sigma-model which was
proposed for the one-dimensional Heisenberg model in
3
Ref.20. In the 2D case this model was applied in
Refs.11,12. The large value of the correlation length
ξ ≫ a (a is the lattice parameter in the plane) plays
the crucial role in the Haldane’s mapping of an antifer-
romagnetic Heisenberg model (1) to quantum nonlinear
sigma-model (see e.g. Ref.4). This gives a possibility to
separate and integrate out the “fast” modes with space
scale l ≤ Λ−1 (Λ satisfies to ξ−1 ≪ Λ ≪ a−1) retaining
“slow” modes with l > Λ−1.
In the quasi-2D case we have ξ(T ≤ TNeel) =∞. How-
ever, at small q we have
J0 − Jq ≃ J(aq)2 + 2J ′(1 − cos qz) (18)
Thus besides the “true” correlation length ξ, there ex-
ists also another variable with scaling dimensionality of
length
ξJ′ = 1/α
1/2 ≫ a (19)
where α = 2J ′/Ja2 is the interlayer coupling parameter;
in this paper we consider only the case where α ≪ 1.
On the scale of order of ξJ′ the regime of fluctuations
changes from 2D to 3D one. Thus we may use the scale
ξJ′ to separate “fast” and “slow” modes in the Haldane’s
mapping. Depending on the value of the imaginary time
slab thickness
Lτ = c/T (20)
(c ∼ JSa is the fully renormalized spin-wave velocity),
three regimes are possible
(i) Lτ ∼ ξJ′ , or, equivalently, T ∼ α1/2c ∼ (JJ ′)1/2.
This is an analog of the quantum critical regime Lτ ∼ ξ
in the 2D case11,12
(ii) a ≪ Lτ ≪ ξJ′ , i.e. α1/2c ≪ T ≪ c which is an
analog of the renormalized classical regime a≪ Lτ ≪ ξ
in the 2D case and
(iii) the classical regime Lτ ≪ a (i.e. JS ≪ T ).
Since the regime (i) is well described by the standard
spin-wave theory (or by SSWT), we do not treat the
thermodynamics at temperatures of order of (JJ ′)1/2.
From (5) and (12) one can see that TNeel ≫ (JJ ′)1/2. In
the regimes (ii) and (iii) implementation of principles of
finite-size scaling gives
TNeel = ρsΦ(ξJ′/Lτ , ξJ′/a)
were ρs ∼ JS2 is the fully renormalized spin stiffness,
Φ(x, y) is a scaling function with Φ(∞,∞) = 0. In the
regime (ii) we have ξJ′/Lτ ≪ ξJ′/a, so that
TNeel = ρsΦ(ξJ′/Lτ ,∞) = ρsΦq(TNeel/α1/2c) (21)
while in the regime (iii) ξJ′/Lτ ≫ ξJ′/a and
TNeel = ρsΦ(∞, ξJ′/a) = ρsΦcl(1/α1/2a) (22)
Note that the results of SWT (5) and SSWT (12) for
the Neel temperature agree with (21) for the quantum
regime and with (22) for the classical regime. At the
same time, the result of the Tyablikov approximation
(17) satisfies the classical regime scaling form (22) for all
spin values, which confirms the absence of quantum fluc-
tuations at the critical temperature in this approxima-
tion. As follows from (22), the value of Neel temperature
in the classical regime depends on fluctuations on a scale
of order of lattice constant, i.e. is non-universal. There-
fore in this regime we cannot eliminate “fast” modes by
Haldane’s mapping. Further we will assume that the
“renormalized classical” regime (ii) takes place.
We use the same procedure as used by Haldane20 (see
full discussion in Ref.4) to integrate out “fast” modes.
Thus the partition function has in terms of a path inte-
gral the form
Z =
∫
Dσi(τ) exp
−χ02
1/T∫
0
dτ
∑
i
(∂τσi)
2
−1
2
S2
1/T∫
0
dτ
∑
i j
Jij(σi − σj)2

∏
i
δ(σ2i − 1) (23)
where σ is a three-component unit-length vector field, i
is the index of a site, χ0 is the uniform magnetic sus-
ceptibility. In the continual limit we reproduce the stan-
dard three-dimensional quantum nonlinear-sigma model.
However, in the quasi-2D case the large value of ξJ′ gives
a possibility to pass to the continual limit only within the
layers: σi(τ) → σiz (r, τ) where r is a 2D vector, iz is
the index of a layer. The partition function takes the
form
Z =
∫
Dσiz (r, τ) exp
−ρ
0
s
2
1/T∫
0
dτ
∫
d2r
∑
iz
[
1
c20
(∂τσiz )
2
+(∇σiz )2 +
α
2
(σiz+1 − σiz )2
]}
δ(σ2iz − 1) (24)
where ρ0s = JS
2 is the bare spin stiffness, c0 =
(ρ0s/χ0)
1/2 is the bare value of the spin-wave velocity.
Here and hereafter we use the system of units where
a = 1.
To pass to the O(N) model we replace the three-
component field σiz (r, τ) by the N -component one
σmiz (r, τ), m = 1...N. The constraint condition σ
2 = 1
may be taken into account by introducing the slave
field λiz (r, τ). To calculate the dynamic susceptibility we
also introduce the external non-uniform time-dependent
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magnetic field hmiz (r,τ). Then we obtain the partion func-
tion of the O(N) model in the form:
Z[h] =
∫
DσDλ exp
− 12g
1/T∫
0
dτ
∫
d2r
∑
iz
[
1
c20
(∂τσiz )
2
+(∇σiz )2 +
α
2
(σiz+1 − σiz )2 + iλ(σ2iz − 1)
−2ghiz(σiz − σ)]} (25)
where g = N/ρ0s is the coupling constant, σ
m =
〈σmiz (r, τ)〉 is the average part of the field σ, which is
supposed to be static and uniform. After integrating
over σ˜ = σ − σ the partition function takes the form
Z [h] =
∫
Dλ exp(NSeff [λ, h]) (26)
Seff [λ, h] =
1
2
ln det Ĝ0 +
1
2g
(1− σ2)Sp(iλ)
+
1
2g
Sp
[(
iλσ − h/ρ0s
)
Ĝ0
(
iλσ − h/ρ0s
)]
(27)
where
Ĝ0 = [∂
2
τ/c
2
0 +∇2 + α∆z ]−1 (28)
∆zσiz (r, τ) = σiz+1(r, τ) − σiz (r, τ)
Since N enters (26) only as a prefactor in the exponent,
expanding near the saddle point generates a series in
1/N . At T < TNeel we have the saddle point value iλ = 0
and σ2 6= 0. The Green’s function of the field σ˜ is defined
by
Gmn(q, qz , ωn) =
ρ0s
Z[0]
∫
d2p
(2pi)2
∫
dpz
2pi
∑
ωl
(29)
∂2Z[h]
∂hm(p, pz, ωl)∂hn(q− p, qz − pz, ωl−n)
∣∣∣∣
h=0
where h(p, pz, ω) is the Fourier transform of hiz(r, τ).
Note that only diagonal elements Gmm are nonzero, and
they are proportional to the non-uniform dynamic spin
susceptibility:
Gmn(q, qz , ω) =
ρ0s
S2
χmm(q +Q, qz + pi, ω)δmn (30)
where Q = (pi, pi) is the wavevector of antiferromagnetic
structure in the plane; for N = 3
χαβ(q, qz , ω) =
∑
i
ei(qRi+qzR
z
i
)〈〈Sα0 |Sβi 〉〉ω (31)
where Sαi are spin operators, α, β = x, y, z. Since the
partition function Z[0] is invariant under rotations in the
spin space, further we will assume σm = σδmN where
σ plays the role of the relative sublattice magnetization
S/S. ThenGNN corresponds to the longitudinal Green’s
function, Gl, while other diagonal components (wich are
all equal) to the transverse Green’s function, Gt. At
T < TNeel, the value of σ is determined by the constraint
〈σ2〉 = 1 which takes the form
1− σ2 = T
ρ0s
∑
ωn
∑
m
∫
d2k
(2pi)2
∫
dkz
2pi
Gmm(k, kz, ωn)
(32)
We use the relativistic (hard) cutoff ω2n + k
2 < Λ2 of
frequency summations and momentum integrations; in
this regularization scheme the value of the bare spin wave
velocity c0 is replaced by the fully renormalized one, c,
which will be putted to be equal to unity except for the
final results.
In the limit N → ∞ we may replace in (27) λ by its
saddle-point value to obtain the “free” Green’s function
(which is the same for transverse and longitudinal com-
ponents)
G0(k, kz , ωn) =
[
ω2n + k
2 + α(1− cos kz)
]−1
(33)
After evaluation of the integrals and frequency summa-
tion in (32) we obtain the Neel temperature in the limit
N →∞
T 0Neel =
4piρN=∞s
N ln(2T 2Neel/αc
2)
(34)
where ρN=∞s = N(1/g − 1/gc) is the renormalized spin
stiffness in zeroth order in 1/N, gc = 2pi
2/Λ. To compare
the result (34) with the result of the SSWT we note that
the value of spin stiffness in SSWT is ρSSWTs = γSS0
(for S = 1/2 this equals to 0.176J which is somewhat
lower than the result of two-loop RG analysis21 and nu-
merical calculations22, ρs = 0.181J) and the value of the
spin-wave velocity is cSSWT =
√
8γS. Thus we see that
the value (34) is N times smaller than the corresponding
SSWT value (12) (besides that, in SSWT α is replaced
by its renormalized value, αSSWTc = 2γ
′
c/γc < α). Fur-
ther we will show that, as well as in the calculation12 of
the correlation length in the 2D-case in the first order in
1/N,
(i) the factor of N in the denominator of (34) is to be
replaced by N − 2
(ii) ρN=∞s and α in (34) are to be replaced by their renor-
malized values, ρs and αc
(iii) terms of order of ln ln(2T 2/α) and unity, which do
not enter the SSWT result for TNeel, occur in the denom-
inator of (34).
The exact Green’s function may be expressed as
5
Gmm(k, kz , ωn) =
[
ω2n + k
2 + α(1− cos kz) (35)
+Σ(k, kz, ωn)]
−1 − C(k, kz , ωn)δmN
To first order in 1/N the self-energy Σ(k, kz , ωn) and the
function C(k, kz , ωn), which describes renormalizations
owing to the long-range order, are given by12
Σ(k, kz , ωn) =
2T
N
∑
ωm
∫
d2q
(2pi)2
pi∫
−pi
dqz
2pi
(36)
× G0(k+ q, kz + qz, ωn + ωm)−G0(q, qz, ωm)
Π˜(q, qz, ωm)
C(k, kz , ωn) =
2σ2
g
1
Π˜(k, kz, ωn)
(37)
where
Π˜(q, qz , ωn) = Π(q, qz , ωn) +
2
g
σ2G0(q, qz , ωn) (38)
Π(q, qz , ωn) = T
∑
ωl
∫
d2p
(2pi)2
pi∫
−pi
dpz
2pi
G0(p, pz, ωl)
× G0(p+ q, pz + qz, ωl + ωn). (39)
Note that the quantity C in (37) has in fact the zeroth
order in 1/N, but the corresponding contribution to the
constraint is of order of 1/N. The polarization operator
Π(q, qz , ωn) determines the longitudinal Green’s function
in the zeroth order in 1/N
GN=∞l (q, qz , ωn) =
Π(q, qz , ωn)
q2Π(q, qz , ωn) + 2σ
2/g
(40)
To first order in 1/N the constraint (32) takes the form
1− σ2 = gT
∑
ωm
∫
d2k
(2pi)2
∫
dkz
2pi
G0(k, kz, ωm) (41)
−gT
∑
ωm
∫
d2k
(2pi)2
∫
dkz
2pi
G20(k, kz , ωm)Σ(k, kz , ωm)
−2σ
2T
N
∑
ωm
∫
d2k
(2pi)2
∫
dkz
2pi
G20(k, kz, ωm)
Π˜(k, kz , ωm)
.
Following to12 we introduce the function
I(k, kz, ωm) = T
∑
ωn
∫
d2q
(2pi)2
∫
dqz
2pi
G20(q, qz, ωn) (42)
× [G0(k+ q, kz + qz , ωm + ωn)
− G0(k, kz, ωm)]
and represent the equation (41) in the following conve-
nient form
1 = gT
∑
ωm
∫
d2k
(2pi)2
∫
dkz
2pi
G0(k, kz , ωm)
−gR(T, xσ) + σ2 [1− F (T, xσ)] (43)
where
R(T, xσ) =
2T
N
∑
ωm
∫
d2k
(2pi)2
∫
dkz
2pi
I(k, kz , ωm)
Π˜(k, kz, ωm)
,
(44)
F (T, xσ) =
2T
N
∑
ωm
∫
d2k
(2pi)2
∫
dkz
2pi
G20(k, kz , ωm)
Π˜(k, kz, ωm)
,
(45)
and
xσ = 4piσ
2/gT (46)
The calculation of functions I, Π for the quasi-2D case
is presented in Appendx A.
Thus the functions R and F determine the 1/N -
corrections to the constraint. The expressions (43)-(45)
enable one to investigate the magnetization and to cal-
culate the Neel temperature for a quantum quasi-2D an-
tiferromagnet.
4. The sublattice magnetization, Neel temperature
and correlation functions
As discussed in the beginning of previous section, we
consider the quantum case with α being small enough
to satisfy the condition ln(2T 2Neel/αc
2) ≫ 1. The cal-
culation of the functions R and F at T ≫ α1/2 (i.e.
T ≫ (JJ ′)1/2) is discussed in Appendix B. Neglecting
the terms of order of 1/ ln(2T 2Neel/αc
2) we have
R(T, xσ) =
T
2piN
ln
2T 2
α
− (3 + 2xσ)T
4piN
ln
4piρs
NTxσ
+
T
2piN
ln(2T 2/α)
ln(2T 2/α) + xσ
+
8T
3pi3N
ln
2T 2
α
ln
NΛ
16ρs
− 2T
3pi3N
ln
NΛ
16ρs
+
T
4pi
I1(xσ) (47)
and
F (T, xσ) =
1
N
ln
4piρs
NTxσ
+
8
pi2N
ln
NΛ
16ρs
+ I2(xσ)
(48)
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where the functions I1(xσ), I2(xσ) are defined in Ap-
pendix B. After substituting (47), (48) into the con-
straint equation (43) and using the results of Ref.12 for
the renormalized ground-state sublattice magnetization
σ0 = σ(T = 0) = S0/S and the spin stiffness ρs of a
quantum 2D antiferromagnet,
σ20
ρs
=
g
N
(
1− 8
3pi2N
ln
NΛ
16ρs
)
, (49)
ρs = ρ
N=∞
s
(
1 +
32
3pi2N
ln
NΛ
16ρs
)
, (50)
one can see that the sublattice magnetization, being ex-
pressed in terms of quantum-renormalized ρs and σ0,
still depends on Λ, i.e. is non-universal. To make the
sublattice magnetization completely universal we have
to introduce the renormalized parameter of the inter-
layer coupling
αr = α
[
1− 8
3pi2N
ln
NΛ
16ρs
]
. (51)
We shall demonstrate below that at low enough tem-
peratures any regular (nondivergent) terms in the renor-
malized interlayer coupling parameter are absent, so that
this is renormalized only due to temperature fluctuations
at higher T . Being rewritten through the renormalized
parameters, the constraint equation (43) reads
1− NT
4piρs
[
(1− 2
N
) ln
2T 2
αr
+
3
N
ln
4piρs
NTxσ
(52)
− 2
N
ln(2T 2/αr)
ln(2T 2/αr) + xσ
− I1(xσ)
]
=
σ2
σ20
[
1 +
1
N
ln
4piρs
NTxσ
− I2(xσ)
]
Note that we have simply replaced α by αr in the terms
of order of 1/N in (52) since this yields an error of order
of 1/N2.
First we consider the case xσ ≫ 1, or, equivalently,
NT/4piρs ≪ σ2/σ20 (53)
Since xσ is the decreasing function of temperature, this
inequality is satified at low enough temperatures. In this
case the integrals I1(xσ) and I2(xσ) are of order of 1/xσ,
i.e. are small. Thus to leading (zeroth) order in 1/xσ the
constraint equation (52) coincides with that in the case
of space dimensionality d = 2+ε (Appendix C) with the
replacement 1/ε → ln(2/α), which corresponds to the
limit ε→ 0 with simultaneous cutting the integrals over
quasimomentum on the scale 1/ξJ′ . Similar to the d =
2 + ε case (Appendix C) we transform the logarithmic
term in the right-hand side of (52) into power and replace
N → N − 2. Then we have
(σ/σ0)
1/β2 [1− I2(xσ)] (54)
= 1− NT
4piρs
[
(1− 2
N
) ln
2T 2
αr
+
3
N
ln
σ20
σ2
− 2
N
ln(2T 2/αr)
ln(2T 2/αr) + xσ
− I1(xσ)
]
where, being expressed through the renormalized param-
eters,
xσ =
4piρs
(N − 2)T
σ2
σ20
(55)
The “critical exponent” β2, which is the limit of β2+ε at
ε→ 0, is given by
β2 =
1
2
N − 1
N − 2 (56)
As well as in the d = 2 + ε case, two-regimes are
possible under the condition (53). Consider first the low-
temperature (spin-wave) region where
T (N − 2) ln(2T 2/α)/4piρs ≪ σ2/σ20 (57)
In this region
σ = σ0
[
1− T (N − 1)
8piρs
ln
2T 2
αrc2
]
. (58)
At N = 3 we reproduce the result of SSWT (10) with
2γ′/γ being replaced by αr. The factor N − 1 in (58)
has a simple physical meaning: this is the number of
gapless (Goldstone) modes. We can conclude that in the
temperature interval (57) spin-wave excitations give the
main contribution to the dependence σ(T ). Note that
the spin-wave result (58) can be obtained also from the
untransformed constraint equation (52).
To demonstrate that in the interval (57) the experi-
mentally observed interlayer exchange parameter coin-
cides with αr we calculate the self-energy Σ(k, kz, 0). By
using (36) we get
Σ(k, kz, 0) =
8k2
3pi2N
ln
NΛ
16ρs
(59)
irrespectively of kz. Thus we have
G−1t (k, kz , 0) = k
2
[
1 +
8
3pi2N
ln
NΛ
16ρs
]
+ α(1 − cos kz) (60)
= Z−1
[
k2 + αr(1− cos qz)
]
.
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We see that the renormalized Green’s function differs
from the bare one by the renormalization factor Z and
by replacement α → αr only. Thus the experimentally
observed (fully renormalized) interlayer coupling is just
αr. At higher temperatures the temperature renormal-
ization of interlayer coupling, which will be calculated
below, becomes important.
At intermediate temperatures where
(N−2)T/4piρs ≪ σ2/σ20 ≪ (N−2)T ln(2T 2/α)/4piρs
(61)
we have a 2D-like critical behavior of the sublattice mag-
netization,
(σ/σ0)
1/β2 = 1− T
4piρs
[
(N − 2) ln 2T
2
αr
+ 3 ln
σ20
σ2
− 2
]
(62)
For N = 3 we have β2 = 1, which coincides with the
critical exponent of SWT and SSWT. However, the term
with ln(σ2/σ20), which is present in (62), leads to a sig-
nificant modification of the dependence σ(T ) in the tem-
perature region under consideration in comparison with
SSWT and leads to a considerable lowering the Neel tem-
perature. With further approaching the transition point
the behavior of the order parameter changes to the 3D
one.
Consider the temperatures which are very close to
TNeel, so that σ is small enough to satisfy the inequality
xσ ≪ 1, i.e.
σ2/σ20 ≪ (N − 2)T/4piρs (63)
After expanding (52) near T = TNeel, xσ = 0, picking out
the logarithmically divergent parts of I1(xσ) and I2(xσ)
at small xσ analytically, and evaluating numerically the
integrals we have
1− T
TNeel
=
σ2
σ20
[
1 +
1
N
ln
4piρs
(N − 2)TNeel (64)
+
8
pi2N
lnxσ −A0
]
where A0 = 2.8906/N . The equation for TNeel reads
TNeel = 4piρs
[
(N − 2) ln 2T
2
Neel
αr
(65)
+3 ln
4piρs
(N − 2)TNeel − 0.0660
]−1
.
As will be clear below the second term in the denom-
inator, which is of order of ln ln(2T 2Neel/α) leads to a
significant lowering of Neel temperature in comparison
with SSWT (where only the first term is taken into ac-
count). We collect separately the logarithmic terms in
(64) which comes from the quasimomenta q ≫ α1/2 (2D
regime) and q ≪ α1/2 (3D regime):
1− T
TNeel
=
σ2
σ20
(1 −A0)
[
1 +
1
N
ln
4piρs
(N − 2)TNeel
]
(66)
×
[
1 +
8
pi2N
lnxσ
]
Unlike the “2D-like” regime, the coefficients at the loga-
rithms are different. Transforming the logarithmic terms
into powers we obtain
σ2
σ20
=
[
4piρs
(N − 2)TNeel
]β3/β2−1 [ 1
1−A0
(
1− T
TNeel
)]2β3
(67)
where
β3 =
1
2
(
1− 8
pi2N
)
. (68)
is the true 3D critical exponent for the magnetization. It
should be noted that we have not to perform the replace-
ment N → N − 2 in (68) and other contributions which
come from essentially three-dimensional integrals. We
get for N = 3 the value β3 ≃ 0.36. The result (68) coin-
cides with that of the 1/N expansion in the φ4 model23
at d = 3, in agreement with the universality hypothesis.
The dependence (67) is to be compared with that in the
Tyablikov approximation (16) where β = 1/2 and the
dimensional crossover is absent.
Consider now the self-energy Σ(k, kz, 0) at T = TNeel.
At α1/2 ≪ k ≪ TNeel the self-energy has the same form
as in the 2D case12 with ξ being replacing by ξJ′ :
Σ(k, kz, 0) = k
2
[
η ln
NΛ
16ρs
+
1
N
ln
ln(2T 2Neel/α)
ln(2k2/α)
+
1
N
]
.
(69)
Thus the expression for Green’s function reads (G =
Gt = Gl)
G(k, kz , 0) =
1
k2
[
(N − 2)TNeel
4piρs
ln
2k2
α
]1/(N−2)
(70)
×N − 1
N
[
1− η ln NΛ
16ρs
]
α1/2 ≪ k ≪ TNeel
At k ≪ α1/2 , kz ≪ 1 the k-dependence of the Green’s
function changes. After integration and frequency sum-
mation in (36) (which are analogous to the calculation
of the functions R and F in Appendix B) we have
Σ(k, kz, 0) = A1k
2 +
α
2
A2k
2
z (71)
+
η
2
(k2 +
α
2
k2z) ln
α
k2 + αk2z/2
.
Here
A1 = η ln
NΛ
16ρs
+
1
N
ln ln
2T 2
α
+
0.4564
N
, (72)
A2 = −0.6122/N.
and
η = 8/(3pi2N) (73)
is the 3D critical exponent for the asymptotics of the
correlation function at the phase transition point in the
first order in 1/N. For N = 3we have η ≃ 0.09. Using
(71) we find
G−1(k, kz , 0) = (1 +A1)α
η/2
c
(
k2 +
αc
2
k2z
)1−η/2
(74)
k ≪ α1/2, kz ≪ 1 .
The quantity
αc = α(1 + A2)/(1 + A1) (75)
can be interpreted as the renormalized interlayer cou-
pling at T = TNeel.
Using (51) we find the following relation between the
renormalized coupling parameters at low T and at T =
TNeel:
αc = αr
(
1 +
1.0686
N
)[
(N − 2)TNeel
4piρs
]1/(N−2)
.
(76)
When deriving (76) we have transformed the term with
ln ln(2T 2/α) into a power and then replaced N → N − 2
in the exponent. As well as in SSWT (see Sect.2), the
renormalized interlayer coupling at TNeel is lower than
the low-temperature one, but the concrete expression at
N = 3 is slightly different from these in SSWT.
Using (76) we get the following equation for TNeel in
terms of αc
TNeel = 4piρs
[
(N − 2) ln 2T
2
Neel
c2αc
(77)
+2 ln
4piρs
(N − 2)TNeel + 1.0117
]−1
.
where c is the fully-renormalized spin-wave velocity; in
SSWT we have c =
√
8γ(0)S (see Sect.2). For N = 3 we
have
TNeel = 4piρs/ ln
[
5.5005
(4piρs)
2
c2αc
]
(78)
which is similar to the result of the Tyablikov approxi-
mation (17), but the bare value of α is replaced by its
renormalized value at the critical temperature (76) and
ρs is also replaced by its renormalized value. Besides
that, the result (78) does not violate the scaling form
(21).
Finally, we consider the spin correlation function
S(R,Rz) = − 1
pi
∫
d2k
(2pi)2
pi∫
−pi
dkz
2pi
ei(kR+kzRz) (79)
×
∑
m
∫
dω Imχmm(k, kz, ω)
1
eω/T − 1
at T = TNeel. For N = 3 we have
S(R,Rz) = | < Si(r)Si+Rz (r +R) > |
The static approximation is sufficient to determine the
asymptotics of the correlation function. Using (30), (49)
we derive (cf. Ref.12)
S(R,Rz) =
TS
2
0
ρs
[
1 + η ln
NΛ
16ρs
]
(80)
×
∫
d2k
(2pi)2
pi∫
−pi
dkz
2pi
G(k, kz, 0)e
i(kR+kzRz).
One can see that at R2α+R2z ≫ 1 the asymptotics of the
integral in (80) is determined by the region k ≪ α1/2 and
kz ≪ 1 where G(k, kz, 0) is calculated above (see (74)).
Substituting (74) into (80) we have
S(R) = 1
4pi
TNeelS
2
0
ρs
(1−A1 − ηC)
[
1 + η ln
NΛ
16ρs
]
×
(
2
α1+ηc R2+2η
)1/2
(81)
whereR = (R2+2R2z/αc)1/2 and C ≃ 0.5772 is the Euler
constant. Using the value of A1 (72) and transforming
the term with 1/N ln ln(2T 2/α) into power we obtain the
final result for the spin correlation function at T = TNeel
and Rα1/2c ≫ 1 :
S(R) = TNeelS
2
0
4piρs
[
(N − 2)TNeel
4piρs
]1/(N−2)
×(1−A1 − ηC)
(
2
α1+ηc R2+2η
)1/2
(82)
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where A1 = 0.4564/N. Thus S(R) enables one to de-
termine the value of αc. As one should expect, being
rewritten through renormalized parameters ρs and αc,
S(R) does not contain the cutoff parameter Λ and is
thereby completely universal.
At 1≪ R≪ α1/2c we derive from (70), (80) the leading
term of asymptotics of the correlation function within a
plane (N = 3)
S(R, 0) =
S
2
0
3ρs
(
T
4piρs
)2
ln2
8
αcR2
(83)
Thus we have in this case a logarithmic decrease of the
correlation function, as well as in the 2D case at 1 ≪
R≪ ξ11.
5. Discussion and conclusions
In the above treatment we analyzed the sublattice mag-
netization S of a quasi-2D quantum antiferromagnet
(TNeel ≪ JS). At temperatures T ≤ (JJ ′)1/2 the behav-
ior S(T ) is satisfactory decribed by the standard spin-
wave theory. For T ≫ (JJ ′)1/2 we have obtained the
equation (52) which determines S to first order in the
formal small parameter 1/N . We have three temperature
intervals (the boundaries of the intervals are presented
for N = 3)
(i) the case of low temperatures
T ln(2T 2/JJ ′)/(4piJS2)≪ S2/S20 (84)
[S0 = S(T = 0); S0 = S − 0.196 for the square lattice]
where the results of SSWT are reproduced.
(ii) the case of the intermediate temperatures (61), or
equivalently
S
2
/S
2
0 ≪ T ln(2T 2/JJ ′)/(4piJS2)
1− T/TNeel ≫ (1−A0)(T/4piJS2)1/2 (85)
(1 − A0 ≃ 0.0365), where a 2D-like critical behavior,
which is similar to that in SSWT, takes place. However,
the corrections to SSWTmodify considerably the numer-
ical factors, so that the Neel temperature is considerably
lowered
(iii) the vicinity of the Neel temperature (63), or
1− T/TNeel ≪ (1 −A0)(T/4piJS2)1/2 (86)
where we obtain the critical behaviour S ∼ (TNeel−T )β3 ,
β3 ≃ 0.36.
The detailed description of the temperature region be-
tween (ii) and (iii), where S
2
/S
2
0 ∼ T/4piρs, cannot be
obtained within the first order in 1/N, since the equation
(52) is transformed in different ways in these regions to
derive the results (54) and (64) respectively. Note, that
in the region (ii) the “2D-like” behavior of the system
enables one to calculate corrections to SSWT in a regu-
lar way, e.g., by using the 1/N -expansion in the CPN−1
model.
We have also derived the expressions for the mag-
netic transition temperature (65), (77) which contain the
renormalized quantities αr,c = 2γ
′
r,c/γ where γ
′
r,c are the
experimentally observable (renormalized) interlayer ex-
change parameters at low temperatures and T = TNeel
respectively, and γ ≃ 1.1571J is the value of renormal-
ized intralayer coupling parameter which is weakly tem-
perature dependent. Therefore these expressions have
an universal form, in agreement with the scaling anal-
ysis. Unlike the corresponding results of the spin-wave
approaches (see Sect.2), they contain the terms of order
of ln ln(T 2Neel/JJ
′) and unity, which are formally small as
compared to the leading term of order of ln(T 2Neel/JJ
′).
However, the lnln-terms result in a significant lowering
of TNeel in comparison with the SSWT value (10) at not
too large ln(J/J ′). The regular terms yield small correc-
tions only, so that one may expect that the higher-order
terms in 1/ ln(T 2Neel/JJ
′) may be neglected.
The experimental temperature dependence24 of the
sublattice magnetization in La2CuO4 is shown in Fig.1.
For comparison, the results of spin-wave approximations
(SWT, SSWT and the Tyablikov theory, see Sect.2) and
the result of 1/N expansion are also presented. The
renormalized value of the in-plane exchange parameter
γ ≃ 1850K can be found from the experimental data25
and the value γ′r/γ = 5 · 10−4 was chosen from the best
fit to SWT at low temperatures T < 100 K). The experi-
mental results for γ′/γ are not reliable, and it is difficult
to compare our value of γ′/γ with experiment. For ex-
ample, the result of Ref.26, γ′/γ = 5·10−5, is by an order
lower than that found from the fit in the spin-wave re-
gion. It is also important that the value of γ′/γ has an
appreciable temperature dependence because of renor-
malizations. In particular, we have from (76) for above
parameters αc/αr = γ
′
c/γ
′
r ≃ 0.13. Thus experiments at
different temperatures may give different results.
One can see that SWT and SSWT yield satisfac-
tory results for T < 0.6TNeel and T < 0.8TNeel respec-
tively. At higher temperatures the sublattice magne-
tization in SWT and SSWT is still linear in temper-
ature, so that the critical exponent is βSW = 1, in-
stead of the experimental one, βexp ≃ 0.33. Besides that,
both theories give large values of the Neel temperature
T SWTNeel = 672K, T
SSWT
Neel = 537K. This fact is often not
taken into account when treating experimental data. At
the same time, TT gives the value TTTNeel = 454 K which
is much lower than those in SWT and SSWT and the
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magnetization critical exponent βTT = 1/2. Thus the
Tyablikov approximation seems to describe the experi-
mental data more satisfactorily. However, this approxi-
mation may be justified in fact only in the case of “clas-
sical” magnets with TNeel ≫ JS. Besides that, TT has
a number of drawbacks: mean-field values of critical ex-
ponents, absence of crossover from 2D-like to 3D behav-
ior of magnetization, neglect of quantum effects at high
temperatures (in particular, TNeel = TCurie for the same
| J |).
The result of the 1/N -expansion to first order in 1/N
(65) is TNeel = 345 K which is considerably lower than
in the Tyablikov approximation and is in a good agree-
ment with the experimental value, T expNeel = 325K. The
spin-wave region extends up to 300K, while the 2D-like
region from 320K to about 340K; the critical 3D region
is narrow (about 1K). The results of the numerical solu-
tion of equation (54) in the temperature regions (i) and
(ii) and the dependence (64) in the region (iii) turn out
to be smoothly joined. One can see also that the result
of the 1/N -expansion is most close to the experimental
data and demonstrates a correct critical behavior. One
may assume that higher-order 1/N -corrections will give
a precise description of the experimental situation. Thus
we may conclude that using the 1/N -expansion in the
O(N) model improves considerably the results of stan-
dard spin-wave approximations in the Heisenberg model.
Recent experiments demonstrate existence of a gap
for the out-of-plane spin-wave excitations24 in La2CuO4,
which is assumed to be determined by the easy-plane
anisotropy. The possible role of easy-axis anisotropy
was also discussed, see, e.g., Ref.27. Therefore an exten-
sion of the present approach to 2D systems with a weak
anisotropy is of interest. The results may be expected
to be similar to those in the quasi-2D case, since SSWT
gives similar descriptions of both the types of magnets
with small ordering temperature15.
The case of “classical” spins cannot be treated consis-
tently in the continual limit since in this case the natural
upper limit cutoff parameter (which is the temperature
in the quantum case) is absent, and the integrals are
determined by the whole Brillouin zone. Therefore the
continual models may be used to calculate the critical
exponents, but not the temperature dependence of mag-
netization in a broad interval and the Neel temperature.
It would be also interesting to perform similar calcu-
lations of thermodynamic properties for a ferromagnet.
The results should coincide with those for a antiferro-
magnet only in the classical case. Unfortunately, the
nonlinear-sigma model for ferromagnet has the Berry
phase term A(σ)∂σ/∂τ in the action (A is the vector
potential of unit magnetic monopole), see, e.g., Ref.4.
This term cannot be eliminated in the quantum case
and prevents constructing the 1/N -expansion. For sin-
gular contributions, the results for a quantum ferromag-
net (TCurie ≪ JS) differ from those for an antiferromag-
net by the replacement
ln(T 2/8S2γγ′r,c)→ ln(T/γ′r,cS) (87)
(as well as in SSWT, see Ref.15). Taking into account
only such terms, the expression for the Curie tempera-
ture has the form
TCurie = 4piρs
[
(N − 2) ln TCurie
γ′rS
+ 3 ln
2piρs
(N − 2)TCurie +O(1)
]−1
.
(88)
or, in terms of the renormalized exchange parameter at
the Curie temperature,
TCurie = 4piρs
[
(N − 2) ln TCurie
γ′cS
+ 2 ln
2piρs
(N − 2)TCurie +O(1)
]−1
(89)
where
γ′c = Aγγ
′
r
[
(N − 2)TCurie
4piρs
]1/(N−2)
. (90)
and Aγ ∼ 1. One may expect that, as well as in (65), (77)
the non-singular terms will influence weakly the value of
the ordering point. These regular contributions may be
calculated for a ferromagnet within the 1/N -expansion
in the SU(N) model (cf.4). However, as discussed in the
Introduction, this expansion gives poor results at not too
largeN for d not too close to 2, so that only the “2D-like”
region can be described satisfactory. The description
of the 3D critical behavior of a quasi-2D ferromagnet
requires other methods.
We are grateful to M.I.Katsnelson for stimulating dis-
cussions.
Appendix A. Analytical results for the functions
Π(q, qz, ωn) and I(q, qz, ωn)
Here we present a list of results for the polarization oper-
ator Π(q, qz , ωn) (39) and the function I(q, qz, ωn) deter-
mined by (42) at α1/2 ≪ T , and the asymptotic forms
of these functions.
Due to inequality α1/2 ≪ T, the possible values of
q, ωn may be divided into two regions. The first region
is ωn = 0, q ≪ T, while in the second region q2+ω2n ≫ α,
i.e. either ωn = 0 and q ≫ α1/2 or ωn 6= 0 at arbitrary
q.
It may be checked that at q ≪ T and ωn = 0 the main
contribution to Π comes from the term with ωm = 0.
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After integrating over k,kz with the use of the Feynman
identity (see, e.g., Ref.28) we get
Π(q, qz , 0) =
TK2
2
1∫
0
dz√
z(1− z)
1√
z(1− z)q4 + 2α˜(q, qz)
, (91)
q ≪ T
where α˜(q, qz) = α[q
2+α(1− cos qz)]. At large q ≫ α1/2
the function Π(q, qz , 0) has a 2D form (cf.
12)
Π(q, qz , 0) ≃ T
2piq2
ln
2q2
α
, α≪ q2 ≪ T. (92)
In the opposite limit the form of function Π(q, qz , 0)
changes from 2D to 3D one:
Π(q, qz , 0) ≃ T
4
√
2α˜(q, qz)
, q2 ≪ α. (93)
Consider now the case q2 + ω2n ≫ α. Picking out the
terms with m = 0 and m = −n (if n 6= 0) we have
Π(q, qz , ωn) =
T
2pi(q2 + ω2n)
ln
2(q2 + ω2n)
2
q2α
+Πqu(q, ωn), (94)
q2 + ω2n ≫ α
where the quantum contribution Πqu is given by
Πqu(q, ωn) =
T
pi
∑
m 6=0
1√
(ω2n + q
2 + 2ωmωn)2 + 4q2ω2m
(95)
×Arc tanh ω
2
n + q
2 + 2ωmωn√
(ω2n + q
2 + 2ωmωn)2 + 4q2ω2m
In all the further calculations we will need only the
asymptotic form of Πqu(q, ωn) for q
2 + ω2n ≫ T 2. In this
limit we find
Πqu(q, ωn) =
T
pi(q2 + ω2n)
ln
qT
q2 + ω2n
(96)
+
1
8
√
q2 + ω2n
, q2 + ω2n ≫ T 2
For ωn = 0 and q ≪ T we obtain by analogy with the
calculation of Π(q, qz , 0) the result
I(q, qz, 0) =
T
4pi
1
q2 + α(1 − cos qz) (97)
×
1∫
0
dz√
z(1− z)
q2z(1− z) + αz(1− cos qz)
[q4z(1− z) + 2α˜(q, qz)]3/2
, q ≪ T
and its asymptotic form
I(q, qz, 0) ≃ T
2piq4
[
ln
2q2
α
− 3 + cos qz
2
]
, α≪ q2 ≪ T 2
(98)
In the region with q2 + ω2m ≫ α we have
I(q, qz, ωn) =
Tq2
2pi(q2 + ω2m)
3
ln
2(q2 + ω2m)
2
q2α
(99)
+
T
4pi
ω2n − 3q2 − (q2 + ω2n) cos qz
(q2 + ω2n)
3
+Iqu(q, ωn), q
2 + ω2n ≫ α
with
Iqu(q, ωn) =
T
pi
∑
m 6=0
q2
[(ω2n + q
2 + 2ωmωn)2 + 4q2ω2m]
3/2
(100)
×Arc tanh ω
2
n + q
2 + 2ωmωn√
(ω2n + q
2 + 2ωmωn)2 + 4q2ω2m
+
T
4pi
∑
m 6=0
q2 + 2ωmωn + ω
2
n
ω2m [(ω
2
n + q
2 + 2ωmωn)2 + 4q2ω2m]
In the ultraviolet limit q2 + ω2n ≫ T 2 the following
asymptotics takes place:
Iqu(q, ωn) =
Tq2
pi(q2 + ω2n)
3
ln
qT
q2 + ω2n
(101)
+
T
pi
ω2n − q2
(q2 + ω2n)
3
, q2 + ω2n ≫ T 2
Appendix B. Calculation of 1/N-corrections to the
constraint at T ≤ TNeel.
Consider briefly the calculation of the functions R (44)
and F (45) which determine, according to (43), the cor-
rections to the constraint to first order in 1/N . First
we introduce intermediate cutoff parameters C and C′
determined by α1/2 ≪ C ≪ T ≪ 2piC′ ≪ Λ and divide
the region of summation and integration q2 + ω2n < Λ
2
into four regions:
1. ωn = 0, q < C.
2. ωn = 0, C < q < 2piC
′
3. ωn 6= 0, q2 + ω2n < 2piC′
4. 2piC′ < q2 + ω2n < Λ
Further we denote the contributions from i-th region to
R and F as Ri(T, xσ) and Fi(T, xσ).
In the first region we can use the expressions for the
functions Π(q, qz , 0) and I(q, qz , 0) at q
2 ≪ T (91), (97)
and their asymptotics (92), (93), (98). Then
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R1(T, xσ) =
T
2piN
ln
2C2
α
− (3 + 2xσ)T
4piN
(102)
× ln ln(2C
2/α) + xσ
xσ
+
T
4piN
I1(xσ)
where
I1(xσ) =
4
N
∞∫
0
qdq
pi∫
−pi
dqz
2pi
[
1
q2 + 1− cos qz (103)
×I(q, qz, 0)− Π˜(q, qz , 0)
Π˜(q, qz , 0)
+
3 + 2xσ
2q2
θ(q2 − 1/2)
ln(2q2) + xσ
]
θ(x) is the step function. In the second and third regions
we use the expressions for the functions Π(q, qz , 0) and
I(q, qz , 0) at q
2 ≫ α, (94) and (99):
R2(T, xσ) =
T
piN
[
ln
T
C
− 3 + 2xσ
4
ln
4piρs/NT
ln(2C2/α) + xσ
+ ln
2piC′
T
ln(2T 2/α)
ln(2T 2/α) + xσ
]
(104)
R3(T, xσ) =
T
piN
ln(2T 2/α)
ln(2T 2/α) + xσ
[
4C′
3T
+
1
2
− ln 2piC
′
T
]
(105)
where we have used the identity
ln(2T 2/α) + xσ = 4piρs/NT (106)
which is satisfied in the zeroth order in 1/N . In the
fourth region we obtain
R4(T, xσ) =
8T
3pi3N
ln
2T 2
α
ln
NΛ
16ρs
− 2T
3pi3N
ln
NΛ
16ρs
− 4C
′
3piN
ln(2T 2/α)
ln(2T 2/α) + xσ
(107)
where we have used the asymptotic forms (96), (101) and
the identity (106). After collecting all Ri (i = 1...4) the
intermediate cutoff parameters C,C′ are canceled and
we find the result (47) of the main text.
Analogously, we obtain the contribution from the first
region to F in the form
F1(T, xσ) =
1
N
ln
ln(2C2/α) + xσ
xσ
+ I2(xσ) (108)
where
I2(xσ) =
4
N
∞∫
0
qdq
pi∫
−pi
dqz
2pi
[
1
(q2 + 1− cos qz)2
× 1
Π˜(q, qz , 0)
− 1
2q2
θ(q2 − 1/2)
ln(2q2) + xσ
]
(109)
Contributions from other three regions are also easily
calculated:
F2(T, xσ) =
1
N
ln
4piρs/NT
ln(2C2/α) + xσ
(110)
F3(T, xσ) = O(1/ ln(2T 2Neel/α)) (111)
F4(T, xσ) =
8
pi2N
ln
NΛ
16ρs
(112)
Summing up all Fi (i = 1...4) we find the result (48) of
the main text.
Appendix C. The order parameter and transition
temperature at d = 2 + ε
In this Appendix we consider the calculation of the sub-
lattice magnetization to first order in 1/N in the space
with the dimensionality d = 2+ ε. We will be interested
in the terms of the leading order in ε at not too small
temperatures T ≫ Je−1/ε (which is an analog of the
renormalized classical regime in the 2D case), so that
only the contributions with zero Matsubara frequences
will be taken into account. Consider first the results for
the functions Π and I. Evaluating the integrals in (39)
and (42) at an arbitrary space dimensionality 2 < d < 4
(see, e.g., Ref.28 for the procedure of calculation of such
integrals) we have
Π(q, 0) =
TKdAd
q4−d
(113)
I(q, 0) =
TKdAd(3− d)
q6−d
(114)
where q is the d-dimensional vector,
Ad =
Γ(d/2)Γ(2− d/2)Γ2(d/2− 1)
2Γ(d− 2) (115)
K−1d = 2
d−1pid/2Γ(d/2)
Γ(x) is the Euler gamma-function. At d = 2+ ε we find
to leading order in ε
Π(q, 0) = q2I(q, 0) =
2TK2
εq2−ε
, K2 =
1
2pi
(116)
The constraint equation to first order in 1/N (43) takes
the form
1− gT
1+εK2
ε
(1 − 2
N
)
= σ2
[
1− K2
N
ln
T 1+ε/ε+ σ2/g
σ2/g
]
(117)
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Using the identity
gT 1+ε/ε+ σ2 = 1 (118)
which is satisfied in the zeroth order in 1/N and trans-
forming the logarithmic term in (117) into a power, we
obtain
σ =
(
1− T 1+ε/T 1+εNeel
)β2+ε
(119)
β2+ε = (1 + 1/N)/2 +O(1/N2, ε) (120)
The Neel temperature is determined by
T 1+εNeel =
ε
gK2(1− 2/N) =
2piρsε
N − 2 (121)
This result coincides with the result of the RG analysis10.
The RG result for the critical exponent β reads
β2+ε =
1
2
(
1 +
1
N − 2
)
+O(ε) (122)
Thus one have to replace N → N − 2 in (120). Such
a replacement is analogous to this in the renormalized
classical regime of Ref.12 and may be justified by the
calculations of terms of order of 1/N2, which we did not
carry out. As demonstrated in Ref.12 by calculations
of analogous contributions up to 1/N2, this replacement
should be indeed performed. Since the denominator in
(121) is of order of N, the replacementN → N−2 occurs
already in the first-order expression for the transition
temperature (121).
According to (119), two regimes are possible in the
temperature dependence of the order parameter. At
Je−1/ε ≪ T ≪ TNeel we have the spin-wave behavior
σ = 1− (N − 1)T
1+ε
4piρsε
(123)
For N = 3 this result is analogous to the quasi-2D case
result (10) in the quantum spin case. At 1−T/TNeel ≪ 1
the temperature dependence of the sublattice magneti-
zation changes from the linear one to the power behavior
with the critical exponent β2+ε.
Two above temperature regimes correspond to differ-
ent pictures of the excitation spectrum. In the low-
temperature regime T ≪ TNeel we have from (40) at
quasimomenta q < T (only such q give a contribution to
thermodynamic quantities) the zeroth order longitudinal
Green’s function
GN=∞l (q, 0) =
g
2
Π(q, 0) =
gTK2
εq2−ε
(124)
which corresponds to spin-wave excitations. Near the
phase transition point we have at an arbitrary q (except
for the exponentially-narrow hydrodynamic region q <
(2σ2/g)1/ε)
GN=∞l (q, 0) =
1
q2
(125)
which corresponds to critical (non-spin-wave) excita-
tions.
Figure caption
Fig.1. The theoretical temperature dependences of
the relative sublattice magnetization S/S0 from different
spin-wave approximations and from the 1/N -expansion
in the O(N) model (equations (54) and (64)), and the
experimental points for La2CuO4 (Ref.
24).
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